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Abstract 

This  report  Is  concerned  with  the  expansion  of  an  arbitrary 
function  In  terms  of  the  generalized  elgenfunctlons  defined  by 


^  p(x)  ^  f{x,^)+q{x)iJ--Kr{x)f  =   0    ,  0  <  x  <  1  ; 


subject  to  the  boundary  conditions 

i^^{l,-K)+^-^i^{l,-h)    =  a^A^(l,A)  . 

The  expansions  stem  from  the  Polncare-Birkhoff  formula.   It  Is 

shown  that  this  formula  can  be  extended  so  as  to  yield  expansions 

In  terms  of  the  elgenfunctlons  of 

1 
^(t)  =  A  a^K(0,t)^{0)  -a^K(l,t)^(l)  +f    K(t,x)^(x)dx] 

0 

where  K(t,x)  =  K(x,t).   The  quantities  a  ,  a  ,  a  ,  and  a-,  are 
supposed  to  be  real  but  they  are  otherwise  not  restricted. 
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1.  Introduction 


A  differential  equation  of  the  type 


(1.1)        ^  P(x)  ^  ^{x,A)  +q(x)^- Ar(x)^  =  0 


to  be  satisfied  for  0  "^  x  *=  1;  and  subject  to  the  boundary 
conditions 


(1.2)  ^^(0,A)  +  p^t(0,A)  =   0 


(1.3)  fjl,^)   +Pi^(l,A)  =  0  , 

poses  what  can  be  called  a  simple  Sturm-Liouville  eigenvalue 
problem  provided  neither  P  nor  p,  depends  on  A.   The  problem  is 
to  find  values  of  the  parameter  A  for  which  the  system  (1.1)- 

(1.3)  possesses  solutions  which  are  not  identically  zero.   These 
values,  A  =  A  ,  are  called  eigenvalues  and  the  corresponding 
functions  ^  (x)  =  •^(x,A  )  are  called  eigenf unctions.   In  general, 
the  above  system  defines  a  denumerable  set  of  eigenfunctions  which 
satisfy 

1  /^  0     m  7^  n 

(1.4)  f    r{x)f^{x)i/Jx)dx  = 


r 

0  I  1     m  =  n 


With  respect  to  the  set  [ip    (x))  there  is  a  fundamental  expansion 
problem  which  is  to  ascertain  if  a  set  of  constants  {c^^}  exists 


00 

such  that  the  series  )         c^ip   (x)  converges  in  some  sense  to  an 

i. — _-  n  n  ° 

n=l 

arbitrary  member  f(x)  of  some  class  of  functions  defined  for 
0  ^  X  <  1.   If  f(x)  can  be  represented  in  the  form 


00 

(1.5)  f(x)  =  YH   ^n^n^''^ 

n=l 


where  the  series  converges  uniformly,  then  c,  can  be  fixed  by 

multiplying  (1-5)  t)y  f,   (x)  and  integrating.   This  gives 
1  ^ 

c,  =  /   r(x)f (x)^,  (x)dx  after  we  use  (1.4),   Apart  from  any  special 

0 
assumption  about  convergence,  the  generalized  Fourier  series 

00        r 
(1.6)  III  ^n^^M  r{i)r{i)f^{i)d^ 

n=l       Q 

can  be  studied  as  a  separate  entity  in  order  to  find  how  it  con- 
verges, say  to  a  sum  s(x),  and  how  s(x)  is  related  to  f(x).   It  is 
well  known,  for  example,  that  if  f(x)  is  piecewise  smooth  for 
0  <  X  <  1  then 


^  [f{x+0)  +  f(x-0)]  =  YZ^   ^^(x)  f    r{i)f[i)ijj^{i)di 


0 


The  elgenfunction  expansion  problem  increases  in  complexity 
when  the  set  [i/^lx]]  of  eigenfunctions  is  defined  by  the  boundary 
value  problem 


(1-7)  ^  p(x)  ^  ^(x,A)  +  q(x)^-  Ar{x)^  =  0 


(1.8)  ^^(0,A)+p^^(0,A)  =  a^A^(0,A) 

(1.9)  ^^(1,A)+  p^^(l,A)  =  a^A^(l,A)  . 

Here,  the  elgenparameter  explicitly  appears  In  the  boundary 
conditions  if  a  and  a^    are  not  simultaneously  equal  to  zero;  and 
the  implications  of  this  lead  to  results  substantially  different 
from  those  indicated  above.   The  inherent  character  of  the 
expansion  problem  connected  with  (1.7)- (1.9)  can  be  appraised  to 
some  extent  after  a  brief  study  of  the  case  defined  by 


(1.10)  ^^^  -A^  =  0 


(1.11)  ^^(0)  -  0 


(1.12)  V'x(l)  =  ^V'(l) 


For  this  case  the  eigenvalues  must  satisfy 


(1.13)  tanh  /A  =  /A 

^     '  ^  n   ^  n 


and  beginning  with  A  =  0  they  can  be  ordered  with  respect  to 
absolute  magnitude.   The  eigenf unctions 


U.14)  ^^(x)  =  a^  cosh  ^ /\   ,  n  =  0,1,2, 


constitute  a  denumerable  set  such  that 


(1.15) 


i)^_(i)  -  r 


0 


when  m  7^  n.   Suppose  that  there  are  functions  which  can  be 
represented  In  the  form 


(1.16) 


00 


f  (x)  =  c^  +  "5    c  f    (x) 


where  the  V'„'s  are  given  by  (1.14)  and  the  series  converges  uni- 
formly for  0  j^  X  <_  1.   Then  If  we  multiply  (l.l6)  by  iiAx), 
Integrate;  and  subtract  the  Integrated  series  from 


CX) 


^j^(l)f(l)  =   c^^k^^^  +511  ^n^^l^^n^^^ 


we   find,    after  using    (1.15)    and    (I.I3),    that 


(1.17) 


^j^(l)f(l)    -    \    V/j^(^)f(?)d? 


^k  = 


0 


— 5 g  — 

a^   slnhyAj^ 


This  suggests  the  tentative  association  of  f(x)  with  the  series 
determined  by  (I.17),  that  Is 


00 


(1.18)   f(x)  -  c   +  2  ^ 


i'^{\)f[\) 


^n(^)f(Od^ 


0 


^  (x) 


n=l 


"~2 2  , — 

a„  slnh  J\ 
n      ^  n 


This  association,  however,  must  be  rejected  because  If  we  choose 


f(x)  =  X  and  note  that 


1 


^„(1)  -  r  ^^fj^)d^   =  0  ,  n  >  1 


0 

o 

we  see  that  (l.l8)  forces  us  to  associate  x  with  the  constant  c  . 

o 

We  conclude  that  the  set  of  elgenfunctions  (l.l4)  is  Inadequate 
for  expansion  purposes.   This  example  raises  the  problem  of  finding 
a  set  of  functions  (x^^^)^  which  contains  the  set  {^  (x)}  and 
admits  the  expansion 

oo 
f (x)  =  ^    c  X  (x)  . 

n=0 

The  example   { 1. 10) -(1. 12)  also  points  to  the  need  for  a  deeper 
analysis  of  the  expansion  problem  than  the  one  which  depends  on 
the  investigation  of  the  convergence  of  a  generalized  Fourier 
series  formed  from  a  set  of  elgenfunctions  by  using  their 
orthogonality  properties. 

A  basic  expansion  formula  can  be  obtained  by  studying  the 
Green's  function  associated  with  (l.7)-(l-9)'   This  function 
G{x,^,A)  Is  defined  by  the  equation 


(1.19)   ^  p{x)G^  +  q(x)G-  Ar(x)G  =  5(x-e)  ,        0  <  x,  ^  <  1 


subject  to  the  boundary  conditions 


(1.20)        G^(0,^,A)  +p^G(0,^,A)  =  a^AG(0,|,A) 


(1.21)  -       G^(1,|,A)  +p^G(l,^,A)  =  a^AG(l,e,A) 


The  right  member  of  (1.19)  is  the  generalized  function  known  as 
the  Dlrac  delta  function.   If  the  parameter  A  is  regarded  as  a 
complex  variable,  the  Cauchy  Integral  formula  coupled  with  the 
theory  of  residues  can  be  used  to  show  that  when  the  boundary 
value  problem  Is  subject  to  certain  additional  conditions,  a 
function  f(x)  can  be  expressed  in  the  form 

1 

(1.22)      f(x)  =   lim  -^  (^   /   G(t,x,A)f (t)dtdA 

n->OD   ^^  -^       - 
n 

if  f(x)  belongs  to  a  restricted  class  of  functions.   The  contour 
r   in  (1.22)  is  one  which  contains  the  first  n+1  eigenvalues 
defined  by  (l.7)-(1.9)  and  the  integral  along  it  is  equal  to  a 
sum  of  residues  determined  by  the  singular  points  of  G(t,x,A)  as 
a  function  of  A.   Thus  the  formula  (1.22)  allows  the  expansion  of 
f(x)  into  an  infinite  sum  of  residues.   If  but  one  eigenfunction 
corresponds  to  each  eigenvalue  and  if  the  singular  points  of  G  are 
only  simple  poles  then  (1.22)  becomes  a  generalized  Fourier  series 
representation  for  f.   The  formula  (1.22)  was  noted  by  Poincare  [l] 
during  some  work  on  a  special  problem  in  partial  differential 
equations.   Then  Birkhoff  [2]  proved  the  formula  for  an  ordinary  n  ' 
order  boundary  value  problem  subject  to  certain  regularity  assump- 
tions and  with  the  eigenvalue  parameter  absent  from  the  boundary 
conditions.   Later,  Tamarkin  [5]  showed  that  the  formula  is  valid 
for  a  wide  class  of  boundary  value  problems  with  the  parameter 
present  in  the  boundary  conditions.   Since  then,  the  formula  has 
been  proved  by  Wilder  [  ^l  ] ,  Langer  [5]>  Rasulov  [6]  and  others 


under  less  restrictive  conditions  than  those  ucsed  by  Tamarkin. 

The  primary  purpose  of  this  report  is  to  present  a  proof  of 

(1.22)  as  it  is  related  to  { 1. 19)-( 1- 21)  where  the  real  constants 

in  the  boundary  conditions  are  otherwise  not  restricted.   The 

proof  is  believed  to  be  new  because,  unlike  any  other  the  author 

has  seen,  it  does  not  depend  on  explicit  asymptotic  estimates  of 

the  behavior  of  the  eigenvalues  and  eigenfunctions  defined  by 

(1.7)-(l-9)  as  A  — >  oo .   Since  asymptotic  evaluations  are  not  used 

the  proof  can  be  adapted  to  cover  expansion  problems  which  arise 

in  connection  with  other  functional  equations  and  particularly 

those  for  which  it  is  not  easy  to  find  the  asymptotic  behavior  of 

the  elements  of  the  pertinent  expansion.   This  is  illustrated  in 

Section  5  where  the  integral  equation 

1 
/  /   K(x,t)R(x,^,A)dx 
0 

(1.25)       R{t,^,A)  =  K(t,?)  +A  I    -  a-^K(l,t)R(l,e,A) 


^    +  a^K(0,t)R(0,^,A)^ 


with  a  symmetric  kernel 


K(x,t)  =  K(t,x) 


is  studied  briefly.   For  functions  f(x)  expressible  in  the  form 


f(x)  =  /  K(t,x)F(t)dt 


0 


we  prove  that  the  resolvent  kernel  R(t,^,A)  satisfies 
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J. 
/  P(t)R{t,x,z)dt 

(1.24)       llm  2^  qS  — ^ dz  =  0 


00  2-i  _ 
n 


where  T      contains  the  first  n+1  eigenvalues  associated  with  (1.23) 
The  result  (1.24)  leads  to  the  expression  of  f(x)  as  an  infinite 
sum  of  residues. 

We  admit  the  ranges 


-oo  <  ci^,a^  ^   CO 
o'  o 


and 


-oo  <  a.,  ,a-,  <  oo 


for  both  the  Green's  function  G(x,t,A)  and  the  resolvent  kernel 
R(x,^,A).   These  ranges  are  not  usually  considered  for  the  Green's 
function;  and  as  far  as  we  know  they  have  not  been  considered  with 
respect  to  R(x,^,A). 


2.  Some  Properties  of  the  Green's  Function 

In  preparation  for  later  developments,  we  collect  in  this 
section  some  of  the  relations  which  involve  the  Green's  function 
G(x,^,A).   This  function  is  defined  by  the  equation 

(2.1)  LG-  Ar(x)G  =  5(x-^)  ,  0  <  x,  ^  <  : 

subject  to  the  boundary  conditions 


(2.2)  G^(0,^,A)  +  P^G(0,^,A)  =  a^AG(0,e,A) 
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and 


(2-5)         G^(l,e,A)  +  p^G(l,e,A)  =  a^AG(l,^,A)  . 
The  symbol  L  is  used  to  denote  the  operation  defined  by 


LO  ^  ^  P(x)  ^  0(x)  +q(x)0(x)  ; 


and  with  respect  to  this  we  have  the  fundamental  and  useful 
identity 


t 
(2.4)         /   xl^dx  = 


piyp^  -ox^) 


t   t 


+  /   OLxdx 


We  suppose  that  p(x)  has  a  continuous  derivative  and  that  p(x)  >_   0 
for  0   <_  X   <_  1.      We  also  suppose  that  each  of  q(x)  and  r(x)  is 
continuous  for  0  ^  x  j<  1  while  r(x)  is  non-negative.   Later  on, 
the  constants  in  the  boundary  conditions  will  be  allowed  to  assume 
any  real  value;  but  for  the  time  being  we  take  cx-i  Jl  0  and  a  ^0. 

The  symbol  5(x-^)  on  the  right-hand  side  of  (2.1)  is  used  in 
what  follows  to  denote  the  generalized  function  such  that  when  it 
is  multiplied  by  a  piecewise  continuous  function  F(x)  with  a  finite 
number  of  finite  jumps  and  formally  integrated  the  result  means 


f     5(x-^)p(x)dx  =  1  [F(|+0)  +F(e-0)] 


2 

a 


when  a  ^  ^  <  h. 

If  G(x,|,A)  exists  for  A  =  z  and  A  =  rr;  and  if  we  set 
O  =  G(x,t,z),  X  =  G(x,f,,cr)  in  (2.4),  this  identity  gives 


/   r(x)G(x,t,z)G(x,^,a)dx 


0 


(2-5)    (z-a)  {    -  p(l)a^G(l,4,a)G(l,t,z) 

+  p(0)a^G{0,e,(7)G(0,t,z)  j 


=  G(e,t,z)  -  G(t,C,a) 


This  leads  to  some  interesting  consequences.   If  we  set  z  =  a  in 
(2.5)  we  have 

•   G(|,t,z)  =  G(t,^,z) 

which  shows  that  G  is  symmetric  in  t  and  ^.   If  we  divide  (2.5)  by 
z-CT  and  then  take  the  limit  as  a   — >■  z  we  have 


/   r{x)G(x,t,z)G{x,^,z)dx 


S 


0 


{2.6) 


^G(t,|,z)=/    -  p(l)a^G(l,t,z)G(l,4,z)  ' 


+  p(0)a^G(0,t,z)G(0,e,z) 


If  we  take  a  -   0  in  (2.5)  we  see  that  G(t,^,z)  must  satisfy  the 
integral  equation 


/   r(x)g(x,^)G(x,t,z)dx 


0 


(2.7)    G{t,^,z)  =  g(t,?)+z  ^    -  p(l)a^g(l,^)G(l,t,z) 

+  p(0)a^g(0,UG(0,t,z)^ 


provided  of  course  that 
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G(x,^,0)  =  g(x,e) 


exists.   When  it  exists  g(x,^)  must  satisfy 


(2.8) 

(2.9) 
(2.10) 


Lg  =  5(x-4) 


g^{o,i)  +  ^^s{oA)  =   0 


g^(l,|)  +  P^g(l,|)  =  0 


Operations  of  the  type  which  appear  within  the  braces  in 
equation  (2.7)  occur  frequently  in  the  sequel  and  it  is  convenient 
to  have  a  special  symbol  for  them.   We  therefore  define  Q[r),x]  to 
mean 

1 


^  j     r(x)0(x)x(x)dx 


0 


(2.11) 


Q[0(x),x{x)]  =<    -  p(l)a,Q(l)x(l) 


+  p(0)a^O(0)x(0) 


Equations  (2.5)  and  (2-7)  show  that  in  terms  of  the  operator  Q,  the 
Green's  function  G(t,|,z)  must  satisfy  the  functional  equations 

(2.12)  G(t,?,z)  -  G(t,^,a)  =  (z-a)Q[G(x, t,z) ,G(x, ^, a) ] 

and 

(2.13)  G(t,e,z)  -  g(t,e)  +zQ[g(x,e).G(x,t,z)]  . 
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For  later  use  let  us  note  here  that  our  assumptions  about 
p(x),  r{x),  a  and  a  show  that  Q[n(x),0(x)]  is  never  negative. 
Therefore  for  all  s 


Q[sO  +  X,sO+x]  =  s^Q[0,0]  +  2sQ[0,x]  +Q[X.X]  ^  0  ; 


and  in  order  to  satisfy  this  the  discriminant  of  the  quadratic  in 
s  must  be  less  than  or  equal  to  zero.  This  implies  an  inequality 
of  the  Schwartz  type,  namely 

(2.14)  Q^[0,x]  <   Q[0,n]Q[x,x]  . 

If  u(x,A)  and  v(x,A)  are  linearly  independent  solutions  of 

L<t)  -  Ar(j)  =  0     . 


such  that 


and 


u^(0,A)  +  p^u(0,A)  =  a^-Ku{0,\) 


v^(l,A)  +p^v(l,A)  =  a^Av(l,A) 


then  the  identity  (2.4)  can  be  used  to  prove  that 


u(t,A)v(g,A) 

p(t)[u(t,A}v^(t,Aj  -  v(t,A)u^(t,A)] 


0  <  t  ^ 
(2.15)   G(t,^,A)  = 

,    e  <  t 


v(t,A)u(g,A) 

p(t}iu{t,Ajv^(t,Aj  -  v(t,A)u^(t,A)] 
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Each  of  u(x,A)  and  v(x,A)  is  an  entire  function  of  A  regarded  as 
a  complex  variable.   The  denominator  in  (2.15)  is  Independent 
of  t;  It  is  a  function  of  A  only.   Furthermore,  it  can  be  shown 
that  the  denominator  in  (2.15)  vanishes  if  and  only  if  A  =  A   is 
an  eigenvalue  of  the  homogeneous  system  associated  with  (2.1)- 
(2.3),  namely 


(2.l6)  L^   -  A  r'^  =  0 

^     '  ^n    n  ^n 


(2.17)  ^   (0)  +p  V'  (0)  =  a  A  ^  (0) 

\     J  ^nx^  '   "^o  n^  '    o  n  n^  ' 


(2.18)  ^   (l)+p,-^  (1)  =  a,A  ^  (1) 

V     /  ^nx^  ■'   '^l^n^  '     1  n  n^    ' 


It  is  easy  to  show  that  all  the  eigenvalues  are  real  and  that 


Q[^n^^)'^m^^^^  =  °  '  "^  ^  "^ 


The  result  (2.15)  shows  that  we  can  express  G(x,^,A)  in  the 
form 


(2.19)  G(x,^,A)  =  ^^^j^j^^  , 


a  ratio  of  two  entire  functions  of  A  where  the  zeros  of  co(A)  are 
just  the  eigenvalues  of  (2. l6)-(2. l8) .   The  function  9(x,^,A)  must 
satisfy 

(2.20)  L9  -  Ar9  =  cd(A)5(x-C) 


15 


(2.21)  9^(0,e,A)  +P^0(O,|,A)  =  a^A0(O,e,A) 
and 

(2.22)  9^(1,^, A)  +P-^9(l,e,A)  =  a^Ae(l,^,A)  . 

If  A  =  A^,  the  system  (2. 20)-(2. 22)  reduces  to  (2. l6 ) - ( 2. l8)  which 
does  not  depend  on  ^.   Consequently,  there  is  no  loss  of  generality 
if  we  take 


(2.23)  e(x,?,A^)  =  ^^(x) 


The  residue  of  G(x,^,A)  at  A  =  A  depends  on  a)'(A)  which  can 
be  found  by  differentiating  (2. 20) -(2. 22)  with  respect  to  A.  This 
gives 

(2.24)  L0^  -  Are.^  -   r9   =   cd'(A)5(x-^) 

(2.25)  9x^(o,e,A)  +  p^e^(o,^,A)  =  %^\[0,^,^)  +CL^e{0,^,\) 

(2.26)  ^xA^^'^'^^  +Pl^A^^'^'^)  ==  '^l^^A^^'^'^^'^'^l^^^'^'^^  • 


If  we  multiply  (2.24)  by  9,  integrate  and  then  set  A  =  A  ,  a 
computation  shows  that 
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(2.27) 


0)' 


iK)Ki^) 


n'    n 


Q[^^,tJ 


0 


n' 


V 


-  a-LP(l)^^(l) 


+  a^p(0)^^(0) 


Since  the  quantity  Q[^^,^  ]  is  positive,  cd'(A  )  does  not  vanish 
and  it  follows  that  A   is  a  simple  zero  of  a)(A).   If  we  please  we 
can  adjust  f     with  a  multiplicative  factor  so  that 


Q[^n'^n^  =  1 


Then 
(2.28) 


HTT^ 


-  f^i^) 


3-    Function  Theoretic  Analysis  of  G(x,^,A). 

If  A  is  a  regular  value,  that  is,  a  value  for  which  G(x,^,A) 
exists,  the  Cauchy  integral  formula  allows  us  to  write 


(3.1)       G(x,e,A)  .  %f44A) .  1    (^  'i^Adt^i 


^BTAT 


iWl      .T       (Z   -  A}cd{  Z  j 

r 


Where  r  contains  A  but  no  zero  of  a3(z).   If  r  is  deformed  into  a 
circle  C  of  radius  p  which  has  its  center  at  the  origin  and  which 
contains  A  and  the  first  m+1  zeros  of  a3(z),  the  Green's  function 
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can  be  expressed  In  the  expanded  form 


(3.2)     G(x,^,A)  =  -ZZ2?r  ^  ^^^TH^^2?r  ^  ^^"-^-^^^' 

where  C  Is  a  circle  with  center  at  A   containing  neither  no  other 
zero  of  cd(z)  nor  A.   Each  term  In  the  sum  is  the  residue  of 
G(x,|,z)/{z  -A)  at  z  =  A  and  by  using  (2.25)  we  have 

1  rZ    G(x,g  z)dz  _   1   ^  9(x,e,z)dz 

^?r  S^  — i^^T -^^r  '^  (z  -A)a)(z) 

^n  C^ 

e(x,^,A^)    ^^(x)V'^(e) 

=  (A,-A)a.<(X^)  =    A-X^ 
so  that 

n=0     n  ^^ 


Let  /^(x,^,A)  be  defined  by 


(5.4)  c(x,e,A)  =^  (5^  ^^";^\^^^^ 


ttI  j^     z  -  a 
C 

This  function  Is  analytic  for  |a|  <  p  and  Its  power  series 
expansion  is 

(3.5)  c(x,e,A)  =  yiz  c.(x,i)aJ 

where 


l6 


(3.6)  ZAxA)   =271  ^'  ^^^'^f^^^ 


2irl     r  J 

C      ^ 


If  we  use  equation  (2.13),  each  C-  beginning  with  Co  can  be 

J  ^ 

expressed  In  terms  of  Its  predecessor.   The  formula  Is 


(3-7)    ^.(t,^)  =  ^.     (&    [g(t,g)  +2Q[g(x,t),G(x,|,z)]}dz 

C  ^ 


and  for  j  ^  2 

(3.8)  Cj.(t,|)  =  Q[g(x,t),Cj_-L(x,e)]  . 

Another  Important  relation  between  the  coefficients  comes  from 
applying  (2.12)  to  Q[  C^(x,  ?) ,  Cjj^(x,  ^)  ] .   It  Is 

(3.9)  Q[C_g(x,e),CJx,?)] 

_  _1_    (fl  ^   .      1       (fi    Q[G(x,g,z),G(x,e,a)]dzda 
~   2Tri    ,r       <e        27rl    J^  m 

C      ^  C  ^ 

-1       r/i    A.   .       1       ,-f^    [G(4,g,z)  -  G(e,^,0)]dzd(7 

-  WT  ,S^    ^      2iT  ^  sn        ^ 

"q       CT  Q  Z     (  z    -  cr  J 


=    ?„+,(?,?)    ,  ".,*>! 


The  relation  (3.9)  is  valid  for  m  >  1  with  £   >^  1.      It  shows  that 
the  dependence  of 
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Q[C/x,e),yx,?)]  =  i^^iUA)  '-i^^t^i) 


on   £  >   1 ,    and  m  >^  1  is  characterized  by  the  sum  of  the  subscripts. 

If  It  can  be  shown  that  C(x,|,A)  — >   0  as  p  — >  oo  we  have 
from  (3-3)  that 

n=0     n 

which  Is  a  partial  fraction  expansion  for  G(x,^,A).   Our  Initial 
interest  of  course  is  not  so  much  in  this  as  it  is  in  the  behavior 
of  C-i(x,4)  as  p  — >  00  .   For  the  purpose  of  studying  this  behavior 
we  are  going  to  use  an  extension  of  an  idea  due  to  Kneser  [7]- 
The  extension  Involves  the  determination  of  bounds  for  the  ratios 
of  successive  coefficients  of  the  series 


(3.10)     ^  Q[q(x,^),C(x,|,A)  +C(x,^,-A)] 


=  IZ  Q[C.(x,^),Cp.  .(x,^)]A^J-^ 

j=l    ^  ^ 


whose  radius  of  convergence  p   is  such  that  p  -  e,  "^  Pq  where 

1   P- 
It  follows  from  the  inequality  (2.14)  that 


0  <  e^  j^  p 


Q^[Cj_i(x,e),Cj^,(x,^)]  <  Q[C._i,Cj.,]  .  Q[Cj^i,Cj^i] 
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and  hence  for  j  ^  2 


^2j(^^^)  1   ^2j-2(^'^^  *  ^2j+2(^'^^ 


or 


(3-11)  l|j(?'ll2J-2(5'l2JH.2(«' 


This  shows  that  Ip.(C)  Is  either  zero  for  all  values  of  j  >  2  or 
it  is  positive  for  all  values  of  j  >^  2.   If  for  any  j  >  2, 
l2j(^)  =  0  then 


and 


Also 


laj+sl^'  =  °  • 


i2j.2(e)  ii2j.4(?)i2j(e) 


and  hence 


l2j_2(e)  =  0  . 


Therefore  if  !„ .  ( ^ )  =  0,  j  >  2,  it  follows  that  I.C^)  =  0.   On 
the  other  hand  if  Ip.(^)  >  0  we  can  write  (3.11)  in  the  form 

(  ^      -1  P  ^  ^J <    ^J+^  i   >   p 

^^•^^^  Igj.gt^)  -   T2j(^)   '  ^- 


Now  the  radius  of  convergence  of  (3- 10)  is  given  by 
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2    ...„    12.1^^) 


Pn  =  11m 


Since  p   can  be  taken  as  large  as  we  please  this  Implies  that  for 
all  j  >  N 

Then  by  virtue  of  the  Inequality  (5.12)  It  follows  that  for  all 
k  >  2 

T    <  eT 
■^2k    ^-^2k-2 


from  which 


2 

T    <    El 
-^2k     ■^2k-4 


(3.13)  lov  ^  e^'^Io   . 


■2k       "2 


and  in  particular 


(3.14)  1^(4)  <  el2(^)  . 


We  have  now  shown  that  either  (3,l4)  holds  or  else  Ih(?)  =  0. 
The  quantity  l2,(^)  is 

l4(^)  =  Q[C2(x,^),C2(x,^)]  =  ^^(e,^) 
or,  by  (5.8), 
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Hence,  as  a  consequence  of  the  inequality  (2.14)  and  the  results 
in  the  last  paragraph,  we  find 

14(e)  1  Q[g(x,e),g(x,?)]I^(e) 
1^(1)  1  eQ[g,g]l4(e) 
I^d)  1  eQ[g,g]  . 

It  is  now  evident  that  if  li^(C)  =  0,  or  if  (3.l4)  holds  then 

llm   C2(x,e)  =   lim  ^    £   G{x,^^^)az 
p— >-  00  p — >■  00  z 

is  a  function  which  is  zero  almost  everywhere  for  0   <  x,    ^  <  1. 

Such  a  function  is  called  a  null  function.   By  definition,  two 

functions  are  equivalent  if  their  difference  is  a  null  function. 

Thus,   lim  Cp  is  equivalent  to  0  and  this  can  be  symbolized  by 
p — ^-oo 

writing 

lim  Cp(x,e)  =°  0  . 
p — >-oo 

We  also  have  the  expansion 
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(5.15)   C2(x,^) 


1  (fi    G(x,^,z)dz 

27r  r  "2 


1    r£  G(X,^  z)dZ    J^   1     /:  g(x,^,Z  dz 

n  z   to(z) 


n=l 


n 


1   (/;  G(x,g,z)dz   ^  ^n^^)^n^^) 

■2?!  V'  5 /_-  -5 


n=i        a: 


n 


where  C  encloses  the  origin,  which  could  be  a  zero  of  a)(z),  but 
no  other  zero  of  a)(z).   We  know  that 


(3.16) 


CgC^,!)  =  Q[Ci(x,^),Ci{x,^)]  >  0 


Therefore 


1^    ^^/^  G(g,g,z)dz  ,  ^  V^l 

TTl 


:p -21^—^ 


n=l    A 


n 


which  means   that 


_QD_  ^^{^) 


n^       A 


n 


converges.      Prom  this  we   have 


^       ^ -^ 

n^  A  n^ 

n 


^n(^) 


n 


^n(^) 


X 


n 


m     V'EOO  m     V'^(?) 


-is^-^^ 


A"  n^        A' 

n  n 


—    /  2Tri 


1         [I    G(x,x,z)dz    .   ^ 


B_  f^{^) 


n=I        A' 


o 


n 
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and  since 


1   ,-7^  G(x,x,z)dz 

^?r  V^  2 

c_ 


Is  bounded,  while  o 

^i; n  ^  ' 

n 

can  be  made  as  small  as  we  please  by  choosing  i   sufficiently 
large;  we  conclude  that 

converges  absolutely  and  uniformly.   We  deduce  from  this,  and  the 
continuity  of  the  terms  in  (3. 15),  that  /^p(x,^)  converges  to  a 
continuous  function  as  p  — *■  co  .      This  function  is  already  known  to 
be  a  null  function.   Hence,  from  (3.I6) 

(3.17)  Q[q(x,?),C3_(x,?)]  <  e 

for  p  sufficiently  large. 

The  inequality  (3.I7)  proves  that  by  taking  p  large  enough 
we  can  make  C-,(x,^)  as  small  as  we  please  almost  everywhere.  In 
other  words. 


(3.18)  lim  q(x,^)  =°  0 


p — >oo 


while 
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(5.19)        lim  C-l(0,^)  =  0  ;      11m   C.(l,?)  =  0 

P — >  00  p >.  00 

The  result  (3.18),  with  (2.13)  gives 
1  ,L   G(x,e,z)dz 


11m 
p — »-oo 


=      llm     2^    ^^   j^giiLill  +  Q[g(t,e),G(t,x,z)]]d^ 


p — >-oo 


=°  0 


which  yields 

00  V'„(x)i//  (^) 

(3.20)  g(x,|)  =°  ^  "  s  " . 

n=0      n 

This  means  that  g(x,^)  differs  from  the  series  in  (3.20)  by  at  most 
a  null  function.   However,  (3.19)  shows  that  for  the  end  points 
the  equivalence  sign  in  (3.20)  can  be  replaced  by  the  equality 
sign,  that  is 

00  ^AO)fU) 

(3.21)  g(o,l)  -V~         -.^    — 

n=0      n 
and 

00  ■PA^)-i'Ai) 


(3.22)  g(l,C)  =  I 


n'  '  ^n' 
n=0      n 

The  result  (3.I8)  also  gives 
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/   F(x)G(x,^,z)dxdz 

^  ^^ ^ 

C 


X 

f    F(x)q(x,^)dx 


0 


f    F^(x)dx/  C^(x,e)dx 


0 


0 


e  , 


X 

where  F(x)  is  any  function  such  that   /   F  {x)dx  exists;  and  this 


establishes  the  basic  result 


0 


(3.23)       lim 

p — >-CD 


2Tri 


cf' 


/   F(x)G(x,^,z)dxd5 


0 


0 


If  we  use  (2.13),  the  limit  relation  (3.23)  becomes 


X 

r      I      F(x)g(x,|)dx 


(3.24)    lim  ^  (^J 


0 


/  dz  =  0 


p — >co 


+ 
*^    0 


/   F(x)Q[g(t,x),G(t,^,z)]dx 


For  a  function  f(|)  which  can  be  represented  in  the  form 
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J. 

(3.25)  f(l)  =   f    F{x)g(x,^)dz 

0 

where  F(x)  Is  such  that 

1 

(3.26)  11m   f    F(x)C-L(x,e)dx  =  0 


p— >00 


0 


the  relation  (3.24)  shows  that 


(3-27)      f(|)  +  11m   ^(5Q[G(t,4,z),f(t)]dz  =  0  . 

This  Is  an  extension  of  the  Polncare-Blrkhoff  formula.  Under  our 
present  assumptions  about  p{x),  r(x),  a  and  a,  the  expanded  form 
of  (3.27)  Is 

00 

(3.28)         r{^)  =^^^[i;^{x),r{x)]f^{^)   . 

n=0 

A  twice  dlfferentlable  function  f(x)  such  that  [f"(x)]^  Is 
Integrable  Is  an  example  of  a  function  for  which  the  expansion 
{3.28)  Is  valid. 

Under  some  circumstances  It  can  be  proved  that  C-,(x,^) 
converges  to  a  continuous  function  or  even  one  that  Is  dlfferentl- 
able.  When  either  of  these  possibilities  occur  our  results  can 
of  course  be  sharpened.   However,  we  forego  a  study  of  such  cases 
because  we  are  Interested  here  only  In  presenting  an  expansion 
theorem  which  holds  both  for  the  Green's  function  G(x,^,A)  and 
the  resolvent  kernel  R(x,^,A)  of  an  Integral  equation  which 
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generalizes  the  type  (2.15)  which  G(x,^,A)  satisfies.   This 

Integral  equation  will  be  studied  later. 

Our  immediate  object  now  is  to  prove  in  the  next  section 

that  (3.25)  continues  to  hold  when  we  relax  the  restrictions  which 

have  so  far  been  placed  on  a  and  a^  . 

^  o      1 


4.  Removal  of  Restrictions 

In  Section  3  we  have  assumed  that  the  real  constants  a  and 

o 

a,  are  such  that  a  >  0  while  a,  <  0.   We  can  free  ourselves  from 
1  o  —  1  — 

these  restrictions  with  respect  to  sign  by  using  the  technique 
described  in  what  follows.   In  order  to  illustrate  the  procedure 
without  invoking  lengthy  expressions,  let  us  suppose  that  a  is 
subject  to  the  same  restriction  imposed  above  while  a.     is  real 
but  otherwise  unrestricted.   In  other  words,  let  us  consider  the 
Green's  function  ^(x,^,A)  defined  by  the  system 


(^.1)  L^(x,^,A)  -  Ar(x)^  =  B(x-?) 


(4.2)         ^^(0,^,A)  +p^^  (0,^,A)  =  a^A^(0,^,A) 


(4.3)         ^^(1,|,A)  +P^^(1,?,A)  =  a  A^(1,^,A)  . 

We  contemplate  allowing  a  to  be  either  negative,  zero  or  positive. 

In  order  to  study  ^   (x,^,A)  let  us  introduce  the  Green's 
function  G*(x,^,A)  which  satisfies  the  system 
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(4.4)       LG*{xA,^)    -   Ar(x)G*  =  5(x-^) 


(4.5)       G*(0,4,A)  +  P^G*(0,^,A)  =  aQAG*(0,|,A) 


(4.6)       G*(l,?,A)  +  p^G*(l,^,A)  =  0  . 

In  terms  of  G  (x,t,A)  the  function  ^^  (x,^,A)  is  given  by 


(4.7)    i?(t,e,A)  =  G*(t,|,A)  -  o^P(l)AG"(t,l,A)G"(^,l,A) 

1+  ap(l)AG*(l,l,A) 


Let  the  center  of  the  circular  contour  C  be  at  the  origin 
and  let  its  radius  p  be  chosen  so  that  C  avoids  the  singularities 
of  &  {t,i,'K)    and  G*(t,^,z);  but  contains  the  first  m+1  poles  of 
G*(t,^,z).   In  order  to  proceed  we  need  to  know  something  about 
the  behavior  of  /^(t,^,z)  for  z  on  C  as  p  — >■  oo  .   We  begin  by- 
considering  zG  (l,l,z)  which  appears  in  the  expression  (4.7)-   For 
finite  p,  zG^(l,l,z)  is  analytic  on  C  and 

^  (^   zG*(l,l,z)  ^  =  -  ^  [^*(1)]^  . 

C  ''^Q 

Suppose  zG*(l,l,z)  remains  bounded  for  z  on  C  as  p  — >■  oo  .   If  this 
is  so  then 

00  o 

EI  [**(i)]^ 

n=0 

converges;  and  an  extension  of  the  Riesz-Fischer  theorem  shows 

o 
that  there  exists  a  function  m.(x)  such  that  u.  (x)  is  integrable  in 
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the  Lebesgue  sense  and  such  that 


00 


(4.8)  ^i(x)  =^  y—  f*{i)^;:{x) 

0 

where 

1 
(4.9)     Q*[u(x),^*(x)]  =  f     r(x)n(x)^^(x)dx  +  a^p(  0)m.  (0)^*(0) 

0 

=  ^*(1)  . 


On  the  other  hand,  we  know  from  Section  J>   that 

oo  f*{^)iJ^{x) 

(4.10)  G*(x,^,0)  =  g(x,?)  =°  ^  "^     ■  ^ 

H=0     \i 

while    (3.28)    shows  that 

1 

r(x)g(x,|)n.(x)dx  =  

n=0 


(4.11)        v(?)   =    /      r(x)g(x,|)n(x)dx  =  "^         Q*[<(x),v(x)]^;;(g) 

0  ^=0 

1 
^*(^)/    r(t)n(t)^*(t)dt 


.^         0 


n=0  n 

CD     [f*{l)-  a  v{0)^{0)f*{0)]f*{i) 
_  ^ no  n  n 

That  is,  according  to  (5. 21)  and  (3.22),  we  have 

1 
(4.12)     f    r(x)g(x,^)M.(x)dx  =  g(l,C)  -  a^p(0)u(0)g(0,^)  . 
0 

However,  the  application  of  the  operator  L  to  both  sides  of  (4.12) 
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gives  \i{i)    =   0  for  0  ^  ^  "^  1.   This  presents  a  contradiction  be- 
cause the  right-hand  side  of  (^.12)  cannot  be  zero  when  a  ,  as 
assumed,  is  an  arbitrary  positive  quantity  and  g(x,|)  ^0.   Perhaps 
it  should  be  noted  that  (4.12)  can  be  satisfied  within  the  class 
of  generalized  functions  if  we  take 

(4.13)  ;i(x)  =  k^5(x-l)  +k25{x) 

where  k-,  and  k^  are  constants,  but  this  function  cannot  be  admitted 

p 
since  it  is  not  such  that  \i    (x)  is  defined  let  alone  integrable  as 

the  Riesz-Pischer  theorem  requires.  We  conclude  that  our  supposi- 
tion about  zG*(l,l,z)  is  not  tenable  and  therefore,  for  almost  all 
z  on  C, 

{h.lk)  lim  zG*(l,l,z)  =  00  . 

p— >-aD 

We  can  now  see  from  {4-7)  that  for  almost  all  z  on  C 


G*(t,e,z) 

(4.15)    11m  .(f(t,^,z)  =   lim 

f^-*°°  P"^°°  1    ap(l)zG*(t,l,z)G*(g,l,z) 

1  +  ap(l)zG*(l.l,z) 


=   limG*(t,^,z)-  lim  G*(t,l,z)G--(|,l,z) 
p^-*.oo  p — >-oo     ^    {1.  IjZ) 

which  is  independent  of  a.   Let  us  recall  that  we  have  already 
proved  in  Section  5  that  if  a  =  a,  _<  0  then 
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11m   1    p     ^'t.?.^)dz  ,0 
and 

P— ^OD 

It  follows  from  what  has  been  demonstrated  with  respect  to 
zG*(l,l,z)  that 


lim  -1^    '^  ap(l)G*(t,l,z)G*(g,l,z)dz 
p-'-oo  2^^   _     l+ap(l)zG*(l,l,z) 


llm  ^  (fr    G*(^^l>z)G*(g,l,z)dz  ^o  Q 
P-*CD^^  _       zG*(l,l,z) 


This  implies  that  if  a  =  -a  then 


lim  ^  (§  ^^'-^-^^^^  =°  0 


from  which 


a. 

/  P{t)^(t,^,z)dtdz 


(4.16)        ^i-^  2^  i i =  0  • 

We  have  now  shown  that  (4,l6)  is  valid  for  all  real  values  of  a 

with  a  >  0. 
o  — 

In  preparation  for  remarks  in  the  next  paragraph  it  should 
be  noted  that  by  using  the  method  given  above  we  can  show  that 
when  a  =  a  <_  0   then  for  almost  all  z  on  C 
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llm  zi^  (0,0, z)  =  00 
p — >-oo 

and 

llm  zG*(0,0,z)  =  00  . 

p ><X) 

Using  these  results  with  (4.14)  the  expression  (4.7)  shows  that  if 
a  =  a.,  <_  0   then 

a,p(l)zg[G*(0.1,z)l^  .[(."(o.l.zjl^ 

lim =  -   lim  — i — - — - — — —  =  00  . 

p— >oo  1  +a-j^p(l)zG  (1,1, z)       p— >0D    G*(l,l,z) 


From  this  it  can  be  seen  that  when  a  =  -a  we  also  have 


lim  z;y  (0,0, z)  =  00 
p — >-oo 


With  (4.l6)  established  we  can  assign  the  role  played  by 

G*(x,^,z)  to  ^(x,^,z)  with  a  =  0  and  proceed  to  use  the  above 

method  to  show  that,  with  no  restriction  on  a,  for  G(x,^,z),  the 

restriction  on  a   can  also  be  removed.   Thus  we  finally  conclude 

that 

1 
/  F(t)G(t,C,z)dtdz 

(4.17)       li™^(^J^ =0 

p— CD         g 


holds  for  any  real  values  of  a  and  a,.   The  general  result  (4.17) 
leads  to  the  expansion 
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(5 


(4.18)  f(^)    =   -      lim     ^    C/>    Q[G(t,t,2),f(t)]dz 

p^oo  ^ 


OD 


-I 


n=0 


^    .^    G(t,C,z)dz,f(t) 


2Tri 


n 


provided   f(^)    can  be   expressed   in  the   form 


rii)   =    /      F(x)g(x,?)dx 


0 


where  F(x)  is  such  that 


lim   /   F(x)C-,^{x,4)dx  -  0 


p — *-oo 


0 


The  function  ^, (x,^)  is 


Ci(x,e)  =^  (^sl^^lii 


which  converges  to  a  null  function  as  p  — >-  oo  . 

In  order  to  illustrate  our  results  let  us  return  to  the 
example  in  the  introduction  and  use  (4.l8)  to  expand  a  twice 
dif ferentiable  function  f(x)  in  terms  of  the  eigenfunctions  defined 
by 


(4.19) 
(4.20) 
(4.21) 


^^  -  A^  =  0 


^^(0)  =  0 


^^(1)  =  CLT^ipil) 


0  <  X  <  1 
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The  elgenfunctions  are 


^n^^^  "  ^n  ^°^^  ^^^n 


The  eigenvalues  (A  }  are  the  zeros  of 


yX  sinh  yX  =  aA  cosh  /X 


and  these  are  real.   The  value  A  =  0  is  an  eigenvalue  and  the 
corresponding  eigenfunction  is  V  ^  ^n  ^  const  ^  0.      If  a  >^  1  the 
eigenvalues,  except  A  ,  are  all  negative.   If  a  <  1  there  is  one 
positive  eigenvalue.   We  will  suppose  that  the  eigenvalues  are 
ordered  with  respect  to  absolute  magnitude. 

The  Green's  function  associated  with  ( 4. 19)-( ^. 21)  is  the 
function 


which  satisfies 


(4.22)  ^xx"^^  =   a){A)5(x-U 


(4.23)  e^io,i,-K)  =   0 


(^.24)  e^(l,^,A)  =  aA0(l,e,A) 


The  expansion  formula  for  the  present  case  is 


3^ 


(4.25)     f{^)  =  -  llm    ^    (fr   Q[G(t,C,z),f(t)]dz 


p — >QD 


where 


-ZZpir  <^ 


n=0 


Q[G(t,e,z),f(t)]dz 


n 


Q[0(t),x(t)]  =  f    0(t)x(t)dt  -  aO(l)x(l) 
0 


From  (2.27)  we  have 


(4.26)       a)'(A^)^^(e)  =  -Qt^n'^n^ 


r  1 


f    ^n(^) 


^,__,dx  -  ai(/^{l) 


•-  0 


We  also  have 


(4.27)   A  od'(A  )i/   (I) 


f    ^^(x)^"(x)dx  -  aA^^^(l) 


n   '  'n 


n  n 


L  0 
1 


=  /  ^L^^^^^  • 


The  right-hand  side  of  (4.27)  is  zero  if  and  only  if  V'^  =  f^- 
Thls  means  that  each  eigenvalue,  with  the  possible  exception  of 
A  =  0,  is  a  simple  zero  of  od(A).   The  substitution  of  n  =  0  in 
(4.26)  gives 


GO'(O)  =  -(l-a)t, 


o 
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which  shows  that  A   =  0  is  also  a  simple  zero  of  a)(A)  provided 
a  7^  1.   Hence  we  see  that  (4.25)  and  (4.26)  Imply  the  following 
expansion  for  the  case  a  ;^  1: 


J. 
/   f (t)dt  -  af(l) 


00  Q[r{t),f   it)]rl^    {^) 

(4.28,     m)-^ -^ .^___£__n_ 


If  a  =  1  then  a)'(O)  =  0  which  proves  that  A   is  not  a  simple 
zero  of  cd(A).   Its  multiplicity  can  be  found  by  computing  higher 
derivatives  of  a)(A).   These  can  be  calculated  from  ( 4.  22)-(4,  24) . 
It  is  not  difficult  to  verify  that 

(4.29)  co"(0)  =  -^ 

and 

(^.jo)  „-(o)  =![!!£ -I  *^e2  +  *|; 

where  b  is  a  constant.   In  the  process  of  finding  these  quantities 
we  also  find 


and 


e(x,4,o)  =  f^ 


2 


Thus  we  see  that  A  =  0  is  a  double  zero  of  cd(A).   Therefore  the 
residue  of  G(x,4,A)  at  A  =  0  is 
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dX  Zoiry 


20.^(x,^,O)    2  a3"'(O)0(x,^,O) 


A=0 


a3"(0) 


[co"(0)]' 


|(x^^^^)4 


when  a  =  1,   Prom  the  last  result  we  find  that  for  a  =  1; 


5,.2..2,   9.  w.^.  ,  ^Qff(t),^^(t)]^^(0 


f{l)  =  -Q[{^(t^  +  r) -^},f(t)]  +y— 

■^         n=l 


Q[V'n{t),V'n(t)] 


"12 
f(l)-J  t^f(t)dt  +  ^-  I      tf'(t)dt  -  I  /"  tf'(t)dt 


0 


+  1 


0^  Q[f(t),^^(t)]t^(0 


n=r   Q[^n^^^'^n^^^l 


2 

It  should  be  remarked  that  ^   Is  not  an  elgenfunction  of  (4.19)- 

(4.21): 

More  generally,  if  co{z)  has  a  zero  of  order  k  at  z  =  A   the 
corresponding  term  In  the  expansion  (4.l8)  is 


Q[9^(x,e,n),f(x)] 


where  0(x,4,n)/(z-A  )  comes  from  the  Laurent  expansion  of  G(x,4,z) 
for  the  neighborhood  of  z  =  A  .   The  function  ^,  can  be  obtained 
by  substituting  the  expansion 

G(x,e,z)  =  y—   (z-A  )^  6    Jx,^,n)    +  y^   (^-A^)^  9  Jx,^,n) 
fck     n    -£  ^     n    ^ 
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in  the  equation 


LG{x,?,z)  -  \rG-   (z-A^)rG  =  5(x-^)  ,         0  <  x,  ^  <  1 


and  the  boundary  conditions 


G^(0,?,z) +PqG(0,^,z)  =  a^A^G(0,|,z) +a^{z-A^)G(0,^,z) 


G^(l,^,z)  +p^G(l,?,z)  =  a^A^G(l,^,z)  + a-^(z-A^)G(l,^,z) 


which  define  G(x,^,z).   We  find  from  these  equations,  after 
equating  coefficients  of  like  powers  of  (z-A  ),  that  the  barred 
quantities  must  satisfy 


\{x,    ,n)    =   cf^{x) 


(L  -  A  r)"^  =  re,  +  5(x-n 
^    no     1    ^      ^J 


(L  -\r)9^   =  re.^^    ,  j  =  1,  2,  .  .  .  ,  (k-l) 


with  the  boundary  conditions 

'9.^{0,i,n)+^J.{0A,n)    =   a^A  J^.  ( 0,  C,  n)  +  a^?^.^^  (0,  ^,  n) 

j  =  0,l,...,{k-l) 
9j^(l,^,n)+  P^9j(l,^,n)  =  a^A^S^ (1, ^,n) +  a^?j^^( 1, ^,n) 
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The  above  equations  hold  only  if  the  functions  9     satisfy  the 

J 

compatibility  conditions 


^t^n'^J+ll  =  0  ' 


j  =  l,2,...,(k-l) 


-Q[^n'^l^  =  ^n^^^ 


We  can  see  from  the  foregoing  that  9    {x,^)    is  not  an  eigen- 
function  (if  k  >   1)   but  must  satisfy 


k-l  - 


{^(L-A^r))     0^(x,e,n)  =  c^^(x)  . 


For  this  case,  9     is  called  a  generalized  eigenfunctlon. 


5.  Generalization  of  a  Fredholm  Equation 

We  saw  in  Section  2  that  G(x,^,X)  satisfies  the  integral 
equation 


0 


(5.1)   G(t,e,z)  -G(t,?,a)  =  (z-a)  /    -  p(l)a-LG(l,t,z)G(l,^,a)  / 


J. 
/   r(x)G(x,t,z)G(x,^,a)dx 


+  p(O)a^G{O,t,z)G(O,^,0)^ 


If  we  use  the  substitutions 
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yr(t)r(^) 


r(l)a 


a^  = 


1 


r(0)a 


a  = 


o 


1  -  p(l)   '    "o  -  p(0)   ' 


equation  (5-1)  becomes 


1 
f    /   H(x,t,z)H(x,^,a)dx  ^ 

0 


(5.2)   H(t,|,z)  -  H(t,^,a)  =  (z-a)< 


a^H(l,t,z)H(l,^,a) 


"^    +  a^H(0,t,z)H(0,^,a) 


If  we  set  z  =  A;  a  =   0   and  then  z  =  0;  a  =   A  in  (5-2)  we  have 


H(t,^,A)  =  H(t,e,0)  +  A 


J. 
f  f    H(x,4,0)H(x,t,A)dx 

-  a^H(l,^,0)H(l,t,A)   / 


(5.3) 


+  aQH(0,^,0)H(0,t,A)  J 


I     H(x,t,0)H(x,^,A)dx  ^ 


0 


=  H(t,^,0)  +  A  {    -  a 


L^H(l,t,0)H(l,^,A)  / 


+  aQH(0,t,0)H(0,^,A)  ^ 
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The  last  equations  form  a  particular  case  of  the  more  general 
equations 


X 

I     K(x,C)R(x,t,A)dx 


\ 


0 


R(t,e,A)  =  K(t,^)  +  A  /    -  a^K(l,^)R{l,t,A) 


+  a^K(0,^)R(0,t,A)  J 


(5.^) 


± 
/   K(x,t)R(x,^,A)dx  "* 


0 


K(t,e)  +  A  /    -  a-LK(l,t)R(l,^,A) 


+  a^K(0,t)R(0,e,A) 


where  K(x,^)  =  K(|,x)  Is  a  symmetric  real  kernel.   The  function 
R(t,|,A)  which  satisfies  {5-^)    is  the  resolvent  kernel  for  the 
equation 


J. 
/   K(x,t)(t)(x)dx  \ 


0 


(5-5) 


(j)(t)  =  w(t)  +  A 


a-^K(l,t)<t){l) 


I   +  aQK(0,t)(i)(0) 


That  Is,  If  A  Is  not  an  eigenvalue,  the  solution  of  (5-5)  can  be 
expressed  as 
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X 

f    I     w(t)R(t,C,A)dt 


0 


(5.6) 


Me)  =  w(e)  +  a/    -  a^w(l)R(l,|,A) 


+  a^w(0)R(0,e,A)y 


When  a-,  =  a  =  0,  equation  (5-5)  reduces  to  the  ordinary 
Predholm  Integral  equation  of  the  second  kind,  namely 


(5.7) 


(t)(t)  =  w(t)  +  A  /  K(x,t)(t)(x)dx  , 

0 


with  the  resolvent  kernel  R  (t,4jA)  which  must  satisfy 


Ro(t,|,A)  =  K(t,e)  +  A  J   K(x,|)R^(x,t,A)dx 


(5.8) 


K(t,e)  +  A  /   K(x,t)R^(x,C,A)dx 
0 


o 


Let  us  suppose  that  the  continuous  symmetric  kernel  K(x,t)  Is  such 
that  there  exists  a  complete  set  of  elgenfunctlons,  [f   (x)}^  and 
eigenvalues  Ca  }  which  satisfy 


(5.9) 


X 

^n^^^  =  \j      K(x,t)t^(x)dx 


0 


A  necessary  and  sufficient  condition  for  completeness  Is  that 


(5.10) 


X 

/   K(x,t)x(x)dx  =  0 


0 
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implies  x(x)  =   0.   The  eigenvalues  are  real;  and  the  elgen- 
functlons  constitute  an  orthogonal  set  which  we  assume  Is  nor- 
malized.  Then,  according  to  the  Hilbert-Schmldt  theory  of  (5-7), 
if  f(x)  can  be  represented  in  the  form 

1 

(5.11)  f(x)  =  /   K(t,x)F(t)dt 

0 

where  F(t)  is  continuous,  we  have  the  expansion 

00         n 

(5.12)  f(x)  =  ZZ  ^n(^)  /   f(t)V'^(t)dt 

n=l       -' 

and  the  series  Is  uniformly  and  absolutely  convergent  on  the  closed 
Interval  [0,1].   Consequently,  the  resolvent  kernel  possesses  the 
expansion 

00  f   {i)i/   (t) 

(5.13)  R^(t,g,A)  =   K(t,e)  -  ^  7~  yiy\)'- 

n=l   n^     n' 

With  this,  simple  calculations  show  that  (5.12)  can  be  presented 
in  the  form  ^ 

/   P{t)R  (t,x,z)dtdz 

(5.14)  llm  ^    (p   -^ =  0  . 

It  can  be  shown  that  the  resolvent  kernel  R(t,^,A)  is  a  ratio 


(5.15)  R(x,^,A)  =  ^-^flj^ 


^5 


of  two  entire  functions  of  A.   The  zeros  of  ((A)  are  just  the 
eigenvalues  of 

1  N 

f  I      K(x,t)^(x)dx 

0 


(5.16) 


^(t)  =    ^  ^         -   a-^K(l,t)^(l) 


+  a^K(0,t)^(0) 


Starting  with  (5-15)  and  using  the  method  of  Section  3  we  can  prove 
that 


r  p( 


t)R(t,x,z)dtdz 


(5.17) 


p— ^00       ^ 


0 


provided  a  >  0  and  a-,  *=  0.   Furthermore,  these  restrictions  on 
^         o  —        1  — 

a  and  a^  with  respect  to  sign  can  be  removed  by  proceeding  In 
essentially  the  same  manner  as  we  did  In  Section  4. 

In  order  to  Indicate  briefly  how  the  above  mentioned  restric- 
tions on  a  and  a,  can  be  removed  consider  the  resolvent  kernel 
o      1 

/^(t,6,A)  =  <^(^,t,A)  which  satisfies 


^ 


K(x,t)  /e{x,4,A)dx 


0 


(5.18)     ^(t,^,A)  =  K(t,e)  +  A  J    -  a  K(l,t)  ye(i,e,,A) 


+  a^K(0,t)  <)e(0,^,A) 


K(t,^)  +  AQ^[K(x,t),  /e(x,e,A)] 
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where  a  >;^  0;  and  a  is  to  be  assigned  the  values  a,  and  -a,  where 
a-j^  ^  0.   Introduce  R*(t,^,?\)  =  R*(C,t,A)  defined  by 


I      K(x,t)R*(x,^,A)dx 


(5.19)       R*(t,^,A)  =  K(t,e)  +  A 


0 


+  aQK(0,t)R  (0,^,A) 


K(t,C)  +  AQ^[K(x,t),R*(x,e,A)]  . 


The  resolvent  £(t,^,A)  can  be  presented  in  terms  of  R*(t,^,A)  as 

follows: 


AQo[R*(t,s,A),  ^{t,i,\)] 


AQo[K(t,?),R*(t,s,A)]  +a2q^  Q^[K(t,x),R*(t,s,A)],  (^(x,e,A)J 


=  AQQ[K(t,e),R*(t,s,A)]  +  AQ^[(R*(x,s,A)  -K(x,s)},  ^(x,^,A)] 


^Qo[K(t,^),R*{t,s,A)]  +  AQ^[R*(x,s,A),  /^(x,^,A)] 


-  aR  (l,s,A)  /^(1,4,A)-  AQ^[K(x,s),  ,fe,(x,^,A)] 


AQ^[K(x,s),  £(x,e,A)]  =  R*(|,s,A)  -K(|,s)  -aR*(l,s,A)  ^(1,^,A) 


The  substitution  of  the  last  result  in  (5.18)  yields 


/e(t,^,A)  =  R*(t,^,A)  -  aR*(l,t,A)  ^(1,^,A) 
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and  from  this  we  find 


fi(t,^,7.)    -   R  (t,^,AJ       i+aR*(l,l,A) 


the  analogue  of  (4.7).   After  this,  the  procedure  for  the  removal 
of  the  restrictions  on  a  and  a,  can  be  developed  in  accordance 
with  the  ideas  used  in  Section  4  subsequent  to  equation  (4.7)-   In 
the  course  of  proving 

lim  zR*(l,l,z)  =  OD 
p— >-oo 

we  would  use  the  assumption  (5- 10)  at  a  point  corresponding 
approximately  to  equation  (4.12). 

The  end  result  is  the  formula 

1 
/   F(t)R(t,x,z)dtdz 

(5.20)       lim  2^  (^   -2 =  0 

P^oo      ^ 


va 


± 
lid  for  all  real  a  and  a.,  when   /   F  (t)dt  exists.   If  we  set 

0 
1 
f(x)  =  /   K(t,x)F(t)dt 
0 


then  (5.20)  generates  the  expansion 
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f(x)    =    -      lim     ^    (/>•    Q-L[f(s),R(s,x,z)]d5 


p — ►00 


-   -HZ^    T    Qi[f{s),R(s,x,z)] 


dz 


n 
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